UNIDENTIFIED TYPE: ufo(7, 8) AND br(2, a)
Introduction
This paper is a new contribution to the series initiated in [AAG] with the computation of all liftings of finite-dimensional Nichols algebras of Cartan type A and followed by [GJ] for Cartan type G 2 and [AG2] , where a classification theorem was achieved and illustrated with the liftings of Cartan type B 2 .
Let A be a Hopf algebra such that its coradical A 0 = H is a Hopf subalgebra and the infinitesimal braiding V ∈ H H YD of A is a braided vector space of diagonal type with finite-dimensional Nichols algebra B(V ). Then A is a cocycle deformation of the graded Hopf algebra gr A = B(V )#H and an explicit, recursive, algorithm to recover A from gr A is available. A particularly nice feature of this algorithm is that it works for any cosemisimple Hopf algebra H fitting as the coradical of A. However, the deformations of A can be extremely complicated from a combinatorial point of view. This was first observed in [AAG] when the root of 1 was of order 3 and it was then made very clear for a subcase in [GJ] , where a relation takes more than 10 pages.
It is unclear how to proceed at this point for any given Nichols algebra, as the computers we have at hand do not seem to be powerful enough to deal with every case.
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In this paper, we focus on liftings of type ufo(7) and ufo(8), which are still manageable. A remark is in place here. Helbig had already computed some of these liftings in [He] ; with two minor restrictions that we are able to avoid here. On the one hand, the coradical in [He] is always assumed to be the group algebra of a finite abelian group, and it has already been said that our algorithm works for any H. On the other, one family of liftings of type ufo(8) could not be fully described with the methods in loc.cit., and the algorithm shows that it is strong enough to give a full answer in this case. On top of this, our algorithm shows that the liftings obtained are cocycle deformations of B(V )#H on each case.
We also compute some examples of modular type br(2, a), with parameters ζ ∈ G ′ 3 and q ∈ G ′ N , N = 3. The Nichols algebras in this case have different presentations according to whether q = −1, q = −ζ, or q is a generic root of 1. We compute all the liftings in the first two cases and give some families of examples on the third. The main obstruction on this last case is that we cannot produce an explicit formula for the coproduct of the M th power of the longest root, where M = N , 3N or N/3, according to the case. We provide examples for a fixed N on all three cases; we conjecture that the shape of these liftings carries on to the generic case.
The core of the proofs is completely computational 1 , we use the computer program [GAP] together with the package [GBNP] to follow the lines of the algorithm developed in [AAG] ; see also the survey [AG2] . However, the proofs are not automatic and require a deep insight on the combinatorial structure of the relations defining the Nichols algebras involved to reach the results.
Our main results on the description of the liftings on each case can be summarized in Theorems 1.1 and 1.2 below. The isomorphism classes can be determined following [AAG, Theorem 3.9 ].
Theorem 1.1. Let H be a cosemisimple Hopf algebra and let L be a Hopf algebra whose infinitesimal braiding V ∈ H H YD is a principal Yetter-Drinfeld realization of a braided vector space of type ufo(7) or ufo(8).
(1) If V is of type ufo (7), then there are λ 1 , λ 2 ∈ k subject to (2.1) such that L ≃ L(λ 1 , λ 2 ) as in Propositions 3. N = 4, 6, 12 , then there are λ 1 , λ 2 , λ 112 ∈ k subject to (2.1) such that L ≃ L(λ 1 , λ 2 , λ 112 ) as in Propositions 5.3.2, 5.3.4, 5.3.6, respectively. Proof. See Section 5.
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Preliminaries
We work over an algebraically closed field of characteristic zero. If n ∈ N, we denote by G n the set of roots of 1 of order n and by G ′ n ⊂ G n the subset of primitive roots. All algebras, unadorned tensor products, etc. are assumed to be defined over k. If A is an algebra, we denote by Alg(A, k) the set of algebra maps A → k. We denote by G(A) the group of grouplike elements in a Hopf algebra A.
Let A be a Hopf algebra, with coradical A 0 = H being a Hopf subalgebra of A, and let A n = ∧ n A 0 denote the nth term of the coradical filtration of A, so A n = {x ∈ A : ∆(x) ∈ A 0 ⊗ A + A ⊗ A n−1 }. In this setting, this is a Hopf algebra filtration and the associated graded algebra gr A = ⊕ n≥0 A n /A n−1 , A −1 = 0, is a graded Hopf algebra, which in turn splits as a smash product gr A = R#H, for certain graded Hopf algebra R = ⊕R n in the braided category H H YD of Yetter-Drinfeld modules over H. This is a connected algebra, that is R 0 = k, and the subalgebra generated by the first component V := R 1 coincides with the Nichols algebra B(V ) of the braided vector space V . These observations are the cornerstone of the lifting method developed by Andruskiewitsch and Schneider which eventually led to a large and successful collection of classification results, to which this paper is our contribution.
A Hopf algebra A ′ is a cocycle deformation of A if A ′ = A as coalgebras and the multiplication m ′ of A ′ is obtained by a deformation σ * m * σ −1 of the multiplication m of A by a Hopf 2-cocycle σ : A ⊗ A → k. We write
Recall that a (right) cleft object for A is a (right) comodule algebra B with trivial coinvariants such that B ≃ A as A-comodules. In particular, there is a convolution-invertible comodule isomorphism γ : A → B, with γ(1) = 1, called a "section". We shall denote by Cleft(A) the set of (isomorphism classes) of cleft objects for A. To such a pair (A, B), there is an associated Hopf algebra L = L(A, B) in such a way that B becomes a (L, H)-bicleft object. Moreover, L is a cocycle deformation of A, and every cocycle deformation A σ arises as L(A (σ) , A) for some A (σ) ∈ Cleft(A). The subscript (σ) not only indicates the connection to the Hopf algebra A σ : the algebra structure on this cleft object arises itself as a (one-sided) deformation σ * m of the multiplication of the algebra A. See [S] for details on this construction and the associated equivalence.
We refer the reader to [Mo] for a full insight on Hopf algebra theory.
2.1. The lifting method. Let us briefly recall these ideas, which are also explained in detailed in [AS2] . For a fixed cosemisimple Hopf algebra H (originally H = kΓ, Γ a finite abelian group), the method proposes to compute all Yetter-Drinfeld modules V ∈ H H YD with dim B(V ) < ∞ and give a description of B(V ) in terms of generators and relations, in order to lift or deform these relations to produce all Hopf algebras A with gr A ≃ B(V )#H. An independent and key step of this method, is to verify that any A with A 0 ≃ H is "generated in degree one", that is that one always obtains R = B(V ) in the decomposition gr A = R#H mentioned above. Indeed, it was posed as a conjecture, still open in general, that this is aways the case.
When H = kΓ is finite and abelian, the braiding on any V ∈ H H YD is diagonal; this is to say that there is basis {x 1 , . . . , x θ } of V and a matrix q = (q ij ) ∈ k θ×θ such that c = c q is determined by the formula
This is the context of our work, and indeed the context in which the lifting method has been more fruitful, due to the work of many authors. All braided vector spaces with finite-dimensional Nichols algebras were classified by Heckenberger in [H] in terms of generalized Dynkin diagrams (a finite collection of graphs with labels) codifying the matrices q. With this information, Angiono was able to give in [A1, A2] a complete presentation of the Nichols algebra attached to each such matrix, and used this presentation to confirm the conjecture about the generation in degree one in [A2] . A big breakthrough was already present in [AS3] , where a classification of the liftings was presented for the case H = kΓ, with some restrictions on the order of the abelian group Γ.
At this point, Masuoka showed in [M] that every lifting defined in [AS3] was a cocycle deformation of the associated graded Hopf algebra. This was the spark that initiated the program in [A+] , where an algorithm to produce these deformations as cocycle deformations of graded Hopf algebras was introduced, and later refined for the diagonal case in [AAG] , and which led to the classification in [AG1] .
Nonetheless, the explicit lifting of the relations is a work in progress that has to be approached on a case-by-case basis.
2.2.
Realizations. We stress that the starting point of the lifting problem shifts from a fixed group Γ to a fixed braided vector space
In other words, one starts with a braided vector space (of diagonal type) -equivalently, with a braiding matrix q = (q ij ) 1≤i,j≤θ -and a cosemisimple Hopf algebra H with a principal Yetter-Drinfeld realization V ∈ H H YD. This is encoded in the existence of grouplike elements g 1 , . . . , g θ ∈ G(H) and characters χ 1 , . . . ,
A hitchhiker's guide to the liftings.
A step-by-step description of the algorithm is presented in [AG2] , with the hope of recruiting volunteers to produce every lifting. We give a few highlights next. The main ideas can be summarized in "(a) deform one (primitive) relation at a time" and "(b) compute the cleft objects first". The bedrock on which this philosophy stands is the following.
(
procedure, inspired by [Gu] , to produce cleft objects A i+1 for H i+1 . (2') Moreover, the (generic) definition of A i does not depend on H and there is a cleft object
see [S] , by generators and relations. The outcome of this is a family of Hopf algebras L ℓ+1 = L(A ℓ , B(V )#H) for every cleft object A ℓ+1 of H ℓ+1 = B(V )#H. These are cocycle deformations of B(V )#H and satisfy gr L ℓ+1 ≃ B(V )#H by construction. One verifies that this is indeed an exhaustive collection of all the liftings.
We strongly suggest to go through the instructions in [AG2] for a detailed recipe to construct the liftings. We sketch here the main features.
Assume we have reached step i, and fix r ∈ G i (step 0 being E 0 := T (V )). We thus have a pre-Nichols algebra B i with an associated Hopf algebra H i , together with a (right) cleft object A i = E i #H and a section γ i : H i → A i . We also have the corresponding Hopf algebra
Let a j α j ∈ Z θ be the degree of r; this defines
; a grouplike element and a character associated to r and determined by the realization V ∈ H H YD.
The algorithm runs as follows:
(1) Compute r ′ := γ i (r) ∈ A i and set
(2) Computer ∈ L i as the solutionr ⊗ 1 A i = δ i (r) − g r ⊗ r ′ and set
Notice that we may further normalize λ r as
The computation of r ′ andr for each r ∈ G can be achieved in most cases with the help of the computer, but a prori it involves a deep understanding of the combinatorial structure of the Nichols algebra B(V ).
In any case, we see that {x 1 , . . . , x θ } is a subset of generators. We shall rename these variables according to the context: we will keep the notation {x 1 , . . . , x θ } for the generators of B(V ) (and H) and use {y 1 , . . . , y θ } for generators of E (and A) and {a 1 , . . . , a θ } for generators of L. As for the elements in H, particularly the group-likes g 1 , . . . , g θ , we shall use this notation indistinctly.
We write the Dynkin diagrams corresponding to a given braiding in a single line, one next to the other, and refer to them as "diagram a), b), ... ", counting from left to right.
We present the set G of relations defining each Nichols algebra in different lines, according to a chosen stratification G = G 0 ⊔· · ·⊔G ℓ , from top (relations in G 0 ) to bottom (relations in G ℓ ). In the cases under consideration in this article, we have that ℓ ∈ {0, 1, 2}.
3. Type ufo (7), ζ ∈ G ′
12
The liftings of a braided vector space of this type have been computed in [He, Theorems 5.17 (1)-(3)], for the case H = kΓ, Γ a a finite abelian group. In this section we generalize this result for liftings over any cosemisimple Hopf algebra H, and show that these are cocycle deformations of B(V )#H.
The Weyl groupoid has objects with generalized Dynkin diagrams of the following shapes:
Remark 3.1. Notice that diagram (3.1 d) is of the shape of (3.1 b) but with ζ 5 instead of ζ. Idem for diagram (3.1 e) with respect to (3.1 c). Hence we are left with cases a), b) and c).
3.1. The generalized Dynkin diagram (3.1 a) .
The Nichols algebra B(V ) is generated by x 1 , x 2 with defining relations
Proposition 3.1.1. Fix V of type ufo (7), as in (3.1 a) and λ 1 , λ 2 ∈ k subject to (2.1). Let E = E(λ 1 , λ 2 ) be the quotient of T (V ) modulo the ideal generated by
Proof. The relations defining B(V ) are all primitive. Notice that the leftmost relation has degree 2α 1 + 2α 2 and cannot be deformed by (2.1). Indeed, if χ 2 1 χ 2 2 = ǫ, then q 2 11 q 12 = ζ −4 q 2 12 = 1 and q 2 21 q 22 = q 2 12 ζ 4 = 1, which gives ζ 6 = (q 12 q 21 ) 2 = 1, a contradiction since ζ ∈ G ′ 12 . On the other hand, λ 1 = 0 only if q 3 21 = 1 and λ 2 = 0 only if q 3 12 = 1. In particular, we cannot have λ 1 λ 2 = 0, as otherwise (−ζ 3 ) 3 = (q 12 q 21 ) 3 = 1, again a contradiction with ζ ∈ G ′ 12 .
Proposition 3.1.2. Fix V of type ufo (7), as in (3.1 a), and λ 1 , λ 2 ∈ k subject to (2.1). Let L = L(λ 1 , λ 2 ) be the quotient
[a 1 ,a 122 ] c − ζ 10 (1 + ζ)q 12 1 + ζ 3 a 2 12 = 0.
Then L is a Hopf algebra and a cocycle deformation of
Conversely, if L is a Hopf algebra such that its infinitesimal braiding is a principal realization V ∈ H H YD, then there are λ 1 , λ 2 ∈ k such that L ≃ L(λ 1 , λ 2 ). The Nichols algebra B(V ) is generated by x 1 , x 2 with defining relations
x 3 1 = 0;
x 2 2 = 0;
[[x 112 , x 12 ] c , x 12 ] c = 0.
Proposition 3.2.1. Fix V of type ufo (7), as in (3.1 b) and λ 1 , λ 2 ∈ k subject to (2.1). Let E = E(λ 1 , λ 2 ) be the quotient of T (V ) modulo the ideal generated by
Then E ∈ H-mod and A(λ 1 , λ 2 ) := E#H ∈ Cleft B(V )#H.
Proof. See cleft-ufo7b.(g|log). As in (the proof of) Proposition 3.1.1, we have λ 1 λ 2 = 0.
Proposition 3.2.2. Fix V of type ufo (7), as in (3.1 b) , and λ 1 , λ 2 ∈ k subject to (2.1). Let L = L(λ 1 , λ 2 ) be the quotient
; [[a 112 , a 12 ] c , a 12 ] c = λ 2 q 12 (1 + ζ 7 )a 112 a 2 1 g 2 2 . Then L is a Hopf algebra and a cocycle deformation of B(V )#H such that gr L ≃ B(V )#H.
Conversely, if L is a Hopf algebra such that its infinitesimal braiding is a principal realization V ∈ H H YD, then there are λ 1 , λ 2 ∈ k such that L ≃ L(λ 1 , λ 2 ).
Proof. See lift-ufo7b.(g|log).
The generalized Dynkin diagram (3.1 c).
x 4 1 = 0;
x 2 2 = 0; [x 112 , x 12 ] c = 0. Proposition 3.3.1. Fix V of type ufo (7), as in (3.1 c) and λ 1 , λ 2 ∈ k subject to (2.1). Let E = E(λ 1 , λ 2 ) be the quotient of T (V ) modulo the ideal generated by y 4 1 = λ 1 y 2 2 = λ 2 , [y 112 , y 12 ] c = 0.
Proof. See cleft-ufo7c.(g|log). Again, it follows that λ 1 λ 2 = 0.
Proposition 3.3.2. Fix V of type ufo (7), as in (3.1 c), and λ 1 , λ 2 ∈ k subject to (2.1). Let L = L(λ 1 , λ 2 ) be the quotient T (V )#H/M, where M is the ideal of T (V )#H generated by a 4 1 = λ 1 (1 − g 4 1 ); a 2 2 = λ 2 (1 − g 2 2 ); [a 112 , a 12 ] c = λ 2 q 12 (−2ζ 7 + 2ζ 8 − ζ 11 )g 2 2 a 3 1 . Then L is a Hopf algebra and a cocycle deformation of B(V )#H such that gr L ≃ B(V )#H.
Proof. See lift-ufo7c.(g|log).
x 3 2 = 0; [x 1 , x 122 ] c − (1 + ζ + ζ 2 )ζ 4 q 12 x 2 12 = 0;
x 12 12 = 0.
Proposition 4.1.1. Fix V of type ufo (8), as in (4.1 a) and λ 1 , λ 2 , λ 12 ∈ k subject to (2.1). Let E = E(λ 1 , λ 2 , λ 12 ) be the quotient of T (V ) modulo the ideal generated by y 3 1 = λ 1 ; y 3 2 = λ 2 ; y 12 12 = λ 12 ;
[y 1 , y 122 ] c − (1 + ζ + ζ 2 )ζ 4 q 12 y 2 12 = 0;
Then E ∈ H-mod and A(λ 1 , λ 2 , λ 12 ) := E#H ∈ Cleft B(V )#H.
Proof. See cleft-ufo8a.(g|log).
Notice that we cannot have χ 2 1 χ 2 2 = ǫ, hence the relation of degree 2α 1 + 2α 2 is not deformed, by (2.1). On the other hand, λ 1 = 0 only if q 3 21 = 1 and λ 2 = 0 only if q 3 12 = 1. In particular, λ 1 λ 2 = 0.
Proposition 4.1.2. Fix V of type ufo (8), as in (4.1 a), and λ 1 , λ 2 , λ 12 ∈ k subject to (2.1). Let L = L(λ 1 , λ 2 , λ 12 ) be the quotient
; a 12 12 = λ 12 (1 − g 12 1 g 12 2 );
[a 1 , a 122 ] c − (1 + ζ + ζ 2 )ζ 4 q 12 a 2 12 = 0;
Then L is a Hopf algebra and a cocycle deformation of B(V )#H such that gr L ≃ B(V )#H. Conversely, if L is a Hopf algebra such that its infinitesimal braiding is a principal realization V ∈ H H YD, then there are λ 1 , λ 2 , λ 12 ∈ k such that L ≃ L(λ 1 , λ 2 , λ 12 ).
Proof. See lift-ufo8a.(g|log).
The generalized Dynkin diagram (4.1 b).
[[x 112 , x 12 ] c , x 12 ] c = 0;
Proposition 4.2.1. Fix V of type ufo (8), as in (4.1 b) and λ 1 , λ 2 , λ 12 ∈ k subject to (2.1). Let E = E(λ 1 , λ 2 , λ 12 ) be the quotient of T (V ) modulo the ideal generated by
[[y 112 ,y 12 ] c , y 12 ] c = 0 y 12 12 = λ 12 ;
Proof. See cleft-ufo8b-1.(g|log) and cleft-ufo8b-2.(g|log). Here, as above, the relation of degree 4α 1 + 3α 2 cannot be deformed and λ 1 λ 2 = 0, by (2.1).
Proposition 4.2.2. Fix V of type ufo (8), as in (4.1 b) , and λ 1 , λ 2 , λ 12 ∈ k subject to (2.1). Let L = L(λ 1 , λ 2 , λ 12 ) be the quotient T (V )#H/M, where M is the ideal of T (V )#H generated by a 3 1 = λ 1 (1 − g 3 1 ); a 2 2 = λ 2 (1 − g 2 2 ); [[a 112 , a 12 ] c , a 12 ] c = −2q 12 λ 2 (1 + ζ 3 )g 2 2 a 112 a 2 1 a 12 12 = λ 12 (1 − g 12 1 g 12 2 );
Proof. See lift-ufo8b-1.(g|log) and lift-ufo8b-2.(g|log). We remark that the relation of degree 4α 1 + 3α 2 , which does not produce a deformation parameter by itself by (2.1), is nevertheless deformed as a consequence of the deformation of relation x 2 2 = 0, i.e. when λ 2 = 0.
The liftings in Proposition 4.2.2 have been previously investigated in [He, Theorem 5.17 (4) ], for the case H = kΓ, Γ an abelian group. In this case, however, a complete description was not attained. Indeed, in [He, Theorem 5.17 (4)(b)], the deformation of the relation x 12 12 corresponding to diagram (4.1 b) is presented as a 12 12 = d 12 , for a certain unspecified element d 12 . In particular, we show that d 12 = λ 12 (1 − g 12 1 g 12 2 ).
The generalized Dynkin diagram (4.1 c).
x 12 1 = 0;
x 2 2 = 0; as in (4.1 c) and λ 1 , λ 2 ∈ k subject to (2.1). Let E = E(λ 1 , λ 2 ) be the quotient of T (V ) modulo the ideal generated by y 12 1 = λ 1 ; y 2 2 = λ 2 ; y 11112 = 0; [y 112 , y 12 ] c = 0.
Proof. See cleft-ufo8c.(g|log). The relations of degree 4α 1 + α 2 (the quantum Serre relation) and 3α 1 + 2α 2 cannot be deformed. As well, λ 1 = 0 only if q 12 21 = 1 and λ 2 = 0 only if q 2 12 = 1. Hence, we can have λ 1 λ 2 = 0 if (and only if) q 12 = ±1 and q 21 = ∓ζ 3 . Proposition 4.3.2. Fix V of type ufo (8), as in (4.1 c), and λ 1 , λ 2 ∈ k subject to (2.1). Let L = L(λ 1 , λ 2 ) be the quotient T (V )#H/M, where M is the ideal of T (V )#H generated by a 12 1 = λ 1 (1 − g 12 1 ); a 2 2 = λ 2 (1 − g 2 2 ); a 11112 = 0;
[a 112 , a 12 ] c = 2q 12 λ 2 g 2 2 a 3 1 ; Then L is a Hopf algebra and a cocycle deformation of B(V )#H such that gr L ≃ B(V )#H.
Proof. See lift-ufo8c.(g|log). As above, we remark that the relation of degree 3α 1 +2α 2 does not produce a deformation parameter by itself by (2.1) but is deformed when λ 2 = 0.
The liftings in Proposition 4.3.2 have been previously computed in [He, Theorem 5.17 (5) ], for the case H = kΓ, Γ an abelian group. br(2, a) 
Type
It is standard of type B 2 with Cartan matrix 2 −2 −1 2 .
The second, rightmost, diagram is equivalent to the first one, with ζq −1 instead of q. We shall restrict ourselves to the leftmost one. We shall use the notation g 112 := g 2 1 g 2 , g 122 := g 1 g 2 2 ; also g 11212 := g 3 1 g 2 2 .
5.1. The case q = −1. The Nichols algebra B(V ) is generated by x 1 , x 2 with defining relations
x 2 2 = 0; [x 112 , x 12 ] c = 0;
x 6 112 = 0.
Proposition 5.1.1. Fix V of type br(2, a), as in (5.1 a) , with q = −1. Let λ 1 , λ 2 , λ 3 , λ 112 ∈ k subject to (2.1) and let E = E(λ 1 , λ 2 , λ 3 , λ 112 ) be the quotient of T (V ) modulo the ideal generated by
Proof. See cleft-br2a-q-1.(g|log). In this case λ 1 = 0 only if q 3 21 = 1 and λ 2 = 0 only if q 2 12 = 1. For λ 3 = 0, we need q = ζ −1 1 −1 , which allows (and it is equivalent to) λ 1 λ 2 = 0.
Proposition 5.1.2. Fix V of type br(2, a), as in (5.1 a), with q = −1. Let λ 1 , λ 2 , λ 3 , λ 112 ∈ k subject to (2.1) and let L = L(λ 1 , λ 2 , λ 3 , λ 112 ) be the quotient
; [a 112 , a 12 ] c = λ 3 (1 − g 3 1 g 2 2 ) − 4λ 1 λ 2 g 2 2 (1 − g 3 1 ); a 6 112 = λ 112 (1 − g 6 112 ) − s 112 (a) − s 112 (g),
where g 112 = g 2 1 g 2 and for ω = ζ 2 − ζ and λ 123 = 4λ 1 λ 2 − λ 3 : s 112 (a) = 2λ 1 λ 123 ω g 11212 a 2 12 a 2 112 − 2λ 1 λ 123 ω g 11212 a 2 a 3 112 + 8λ 2 1 λ 2 λ 123 ω g 2 2 g 11212 a 12 a 112 − 2λ 1 λ 2 123 ω g 2 11212 a 12 a 112 − 2λ 1 λ 3 λ 123 ω g 11212 a 12 a 112 ;
Then L is a Hopf algebra and a cocycle deformation of B(V )#H such that gr L ≃ B(V )#H.
Conversely, if L is a Hopf algebra such that its infinitesimal braiding is a principal realization V ∈ H H YD, then there are λ 1 , λ 2 , λ 3 , λ 112 ∈ k such that L ≃ L(λ 1 , λ 2 , λ 3 , λ 112 ).
Proof. See lift-br2a-q-1- PBW-wg11212.(g|log) . In this case, we use variables corresponding to the (induced) PBW basis of the liftings, and, interestingly, we need to add a variable for the element g 11212 = g 3 1 g 2 2 to get an expression of s 112 in PBW form. 5.2. The case q = −ζ. B(V ) is generated by x 1 , x 2 with defining relations
x 6 2 = 0; x 221 = 0;
x 2 112 = 0. Proposition 5.2.1. Fix V of type br(2, a), as in (5.1 a) , with q = −ζ. Let λ 1 , λ 2 , λ 3 , λ 112 ∈ k subject to (2.1) and let E = E(λ 1 , λ 2 , λ 3 , λ 112 ) be the quotient of T (V ) modulo the ideal generated by
y 2 112 + 4q 21 ζλ 1 y 2 y 12 = λ 112 . Then E ∈ H-mod and A(λ 1 , λ 2 , λ 3 , λ 112 ) := E#H ∈ Cleft B(V )#H.
Proof. See cleft-br2a-q-z.(g|log). Here λ 1 = 0 only if q 3 21 = 1 and λ 2 = 0 only if q 6 12 = 1. As well, λ 3 = 0 only if ζ = q 21 = −q 12 . In this case, the previous conditions hold and hence we have that when q = ζ −ζ ζ −ζ , we can have all deformation parameters λ 1 , λ 2 , λ 3 and λ 112 nonzero, simultaneously. For any other braiding matrix λ 3 = 0.
Proposition 5.2.2. Fix V of type br(2, a), as in (5.1 a), with q = −ζ. Let λ 1 , λ 2 , λ 3 , λ 112 ∈ k subject to (2.1) and let L = L(λ 1 , λ 2 , λ 3 , λ 112 ) be the quotient T (V )#H/M, where M is the ideal of T (V )#H generated by a 3 1 = λ 1 (1 − g 3 1 ); a 6 2 = λ 2 (1 − g 6 2 ); a 221 = λ 3 (1 − g 122 );
a 2 112 = λ 112 (1 − g 2 112 ) − s 112 , where s 112 = 4ζq 21 λ 1 a 2 a 12 − 4ζλ 1 λ 3 g 122 (1 − g 3 1 ). Then L is a Hopf algebra and a cocycle deformation of B(V )#H such that gr L ≃ B(V )#H.
Conversely, if L is a Hopf algebra such that its infinitesimal braiding is a principal realization V ∈ H H YD, then there are λ 1 , λ 2 , λ 3 , λ 112 ∈ k such that L ≃ L(λ 1 , λ 2 , λ 3 , λ 112 ). The Nichols algebra B(V ) is generated by x 1 , x 2 with defining relations
x N 2 = 0; x 221 = 0;
x M 112 = 0.
Remark 5.1. We see that, depending on N , we may have
In any case, we observe that relation x 221 = 0 is not deformed, as χ 1 χ 2 2 = ǫ.
We will compute the cleft objects and liftings for a pair (N, M ) corresponding to each case, namely we will work with (1) N = 4, so M = 3N = 12.
(2) N = 6, so M = N = 6 (here we necessarily have q = −ζ 2 ).
(3) N = 12, so M = N/3 = 4. 5.3.1. Case (N, M ) = (4, 12).
Proposition 5.3.1. Fix V of type br(2, a), as in (5.1 a), with q = −1, −ζ. Let λ 1 , λ 2 , λ 112 ∈ k subject to (2.1) and let E = E(λ 1 , λ 2 , λ 112 ) be the quotient of T (V ) modulo the ideal generated by
Then E ∈ H-mod and A(λ 1 , λ 2 , λ 112 ) := E#H ∈ Cleft B(V )#H.
Proof. See cleft-br2a-M12-N4.(g|log)
Proposition 5.3.2. Fix V of type br(2, a), as in (5.1 a), with q = −1, −ζ. Let λ 1 , λ 2 , λ 112 ∈ k subject to (2.1) and let L = L(λ 1 , λ 2 , λ 112 ) be the quotient
.
Conversely, if L is a Hopf algebra such that its infinitesimal braiding is a principal realization V ∈ H H YD, then there are λ 1 , λ 2 , λ 112 ∈ k such that L ≃ L(λ 1 , λ 2 , λ 112 ).
Proof. See lift-br2a-M12-N4-with_c2.(g|log) for the case λ 2 = 0 (so λ 1 = 0) and lift-br2a-M12-N4-t1-PBW.(g|log) for λ 1 = 0, λ 2 = 0.
Remark 5.2. In the GAP files used in proof of Proposition 5.3.2, we have used new ideas to compute the liftings. When λ 2 = 0, we introduce a new variable c 2 = λ 2 (1 − g 4 2 ) and use that it commutes with x 1 and x 2 . On the other hand, this is no longer true when λ 1 = 0, since λ 1 (1 − g 3 1 ) does not commute with x 1 . For this case, we have used the whole PBW basis in the letters x 2 , x 112 , x 12 , x 1 inherited from the Nichols algebra B(V ) instead of the the letters x 2 , x 1 usually used to deal with the liftings. 5.3.2. Case (N, M ) = (6, 6).
Proposition 5.3.3. Fix V of type br(2, a), as in (5.1 a) , with q = −1, −ζ. Let λ 1 , λ 2 , λ 112 ∈ k subject to (2.1) and let E = E(λ 1 , λ 2 , λ 112 ) be the quotient of T (V ) modulo the ideal generated by y 3 1 = λ 1 ; y 6 2 = λ 2 ; y 221 = 0; y 6 112 = λ 112 . Then E ∈ H-mod and A(λ 1 , λ 2 , λ 112 ) := E#H ∈ Cleft B(V )#H.
Proof. See cleft-br2a-M-N-6.(g|log).
Proposition 5.3.4. Fix V of type br(2, a), as in (5.1 a), with q = −1, −ζ. Let λ 1 , λ 2 , λ 112 ∈ k subject to (2.1) and let L = L(λ 1 , λ 2 , λ 112 ) be the quotient T (V )#H/M, where M is the ideal of T (V )#H generated by a 3 1 = λ 1 (1 − g 3 1 ); a 6 2 = λ 2 (1 − g 6 2 ); a 221 = 0; a 6 112 = λ 112 (1 − g 6 112 ) − s 112 , where s 112 = λ 4 1 λ 2 g 6 2 (1 − g 12 1 ). Then L is a Hopf algebra and a cocycle deformation of B(V )#H such that gr L ≃ B(V )#H.
Proof. See lift-br2a-M-N-6.(g|log) 5.3.3. Case (N, M ) = (12, 4).
Proposition 5.3.5. Fix V of type br(2, a), as in (5.1 a), with q = −1, −ζ. Let λ 1 , λ 2 , λ 112 ∈ k subject to (2.1) and let E = E(λ 1 , λ 2 , λ 112 ) be the quotient of T (V ) modulo the ideal generated by y 3 1 = λ 1 ; y N 2 = λ 2 ; y 221 = 0; y M 112 − s 112 = λ 112 . where s 112 := (4q 4 + 8q 7 − 4q 8 + 8q 11 )q 2 q 21 λ 2 1 y 2 2 y 2 12 . Then E ∈ H-mod and A(λ 1 , λ 2 , λ 112 ) := E#H ∈ Cleft B(V )#H.
Proof. See cleft-br2a-M4-N12-E(12).(g|log).
Proposition 5.3.6. Fix V of type br(2, a), as in (5.1 a), with q = −1, −ζ.Let λ 1 , λ 2 , λ 112 ∈ k subject to (2.1) and let L = L(λ 1 , λ 2 , λ 112 ) be the quotient T (V )#H/M, where M is the ideal of T (V )#H generated by a 3 1 = λ 1 (1 − g 3 1 ); a N 2 = λ 2 (1 − g N 2 ); a 221 = 0; (5.3) a M 112 = λ 112 (1 − g M 112 ) − s 112 , where s 112 := − 4q 4 (2 + q 4 + 2q 7 )λ 2 1 q 21 a 2 2 a 2 12 .
Then L is a Hopf algebra and a cocycle deformation of B(V )#H such that gr L ≃ B(V )#H. Conversely, if L is a Hopf algebra such that its infinitesimal braiding is a principal realization V ∈ H H YD, then there are λ 1 , λ 2 , λ 112 ∈ k such that L ≃ L(λ 1 , λ 2 , λ 112 ).
Proof. See lift-br2a-M4-N12-E(12)-PBW.(g|log).
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